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ABSTRACT 

Arguing that college sathesatics education aiust be 
Blade more effective, especially for technology, engineering, 
matheaatical sciences, and ph]r^ical sciences stt^ents, this paper 
presents nine general principles to enhance aath instruction for all 
students. Introductory material argues that changes in perception, 
attitudes, and role aodels are needed to realize the goals of 
integrating knowledge acquisition and knowledge utilization and 
exploring s^tacognitive instructional considerations. Nest, a 
historical and futuristic overview is provided of inportant 
nathenatical issues of the 20th cfentury. Then, the general prindlples 
for mathesatics instruction are presented, discussed, and illustrated 
with exafflpless (1) *what" one cmnmunicates in aathefl^atics instruction 
includes the intrinsic nature and value of the discipline; f2) "how" 
one conmunicates goes beyond the exchange of ideas and information to 
long-lasting psychosocial valvad; (3) math teachers must appreciate 
individual differences and their impact on learning styles; (4) 
multimodal representation of concepts has the potential for 
synergistic learning; (5) math principles should be presented as the 
basis for solving classes of problems; (6) students need to learn to 
reformulate and restructure problem -representations; (7) teachers 
mtist anticipate and preempt students* misinterpretations; (8) control 
knowledge must be appreciated as part of knowledge acquisition and 
accumulation; and (9) students must be responsible partners in an 
interactive and collaborative learning environment. (AYC) 
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Xntrodnetion 

College aatheaatics education will be further challenged in 
the 1980*s by deaographic ch'4ngeaf the enrollaent * of 
nontraditional students (older peoplOf for exasM^le), and by 
society's inevitable demands for increa^d Batheaatical knowledge 
and competence. Thus, ^ew initiatives for teaching widely 
differing student populations must be found and explored.. Th|| 
Batheaatical knowledge bases required to aeet the scienti^iOf 
technical, vocational, cultural, and functional needs of such 
varied student populations aust also be closely examined* But 
^ without proper focus NOir, our approaches to these issues will be 
inadequate and the benefits will be epheaeral* 

What is needed now is a revolution in i'itellectual, 
philosophicali and social perspectives - perspectives which 
reflect the very dramatic changing nature of the mathematical 
enterprise. Indeed, it is sqf belief thati 

<!} College mathematics education, and in particular the 
mathematics training, of TBMV* - career students, must be made 
more, effective. Xnowle^e acquisition most be embedded into, and 
integrated with, knowledge utilisation in orter that learning be 
functional and relevant* 



*9BB9 « Technology, Bngineering, Mathematical s^ii«nces 
(including computer science) , Vbysioal science* 



CIX) Mew, metaeognltlve educational eoaaiaesations maet be 
explorad end given greater proaineace in order that 8tndent£ be 
able to parlay tbeir current aathe«atic8 education and beginning 
career status into productive future learning and professional 

growth. ** 

(III) Changes in perception, attitudes, and role nodels are 

needed in order to realise <X) and (XX). 

^ These beliefs reflect and interface with ia^rtant aspects of 
classroom instructitn, artificial intelligence research. And 
cognitive (including neurobiological) research. Unfortunate ly 
" these nodes of aatheaatical end^b^^or^ are not as well interrelated 
as they could be. Thus, it is ay hope that this conference, and 
this paper in particular, will h^lp to stimulate further interest 
in strengthening these connections. 

In this paper » I attempt to (lobselyl) depict mathematical 
knowledge as the resultant vector whose components are 
interactive processes such as the acquisition, representation, 
utilisation, organization, and management of information. Per 
each person, the coordinates of these component vectors are 
individual-matrix dependent. Accordingly, mathematical* knowledge 
should be thought of as a dynamic vector that grows and changes 
orientation in one's intellectoil space. 

The instructional strateg'es advocated in this paper are 
intimately intertwined with behavioral objectives, information- 
processing, and stylesvof le^.';.ing. They are offered as general 
principles that can enhance mathematics instruction for all 
students.. Por TBMPs, these approaches should be viewed as first- 
order guiding principles that constitute ^ the logical 
pxerequisities and pragmatic basis for higher order 
considerations - including, for example, metacognition and 



leatnlA9 bow to^ learn - that nill be ttia toons o£ a foctbeoaiiiig 
paper in progress* 
Hev JkvasenesB 

^e present orisis in oollefe aathMRatios instruction is not so 
nuoh one Of "what speoifie course content and to whoa it should 
b<4 taught* as it is a reflection of continued failure by the 
vathesAtical coeomnity to properly oosBNinicate i^at aatboaatics 
is and hov it can be of value to different, changing student 
populations; This is sine qua noni Without such understanding 
and guidance, students, will find easier or aiore rewarding 
academic disciplines beckoningi why bother with matheaatics and 
its deaands? 

Most high school students and college freshaen are curriculua 
captives insofar as they aust usually coaplete certain 
aathe^atioal course reguireaeuts. But given their first 
opportunity to aake choices, college sophomores and juniors 
increasingly vote to abandon aatheaatics by enrolling in other 
courses of study 132] • As adults, they'll also vote with their 
political and financial influence* These votes have oainous 
implications for the future concerns and allocation of resources 
for college aatheaatics education. 

- The first two years of college aatheaatics is particularly 
crucial for influencing and partially reversing these voting 
patterns. Bowever, new perspectives and attitt^s are required 
to bring about such changes* Indeed, it is ay belief that the 



1* ***.the nuaber of Native Aaericans, Hispanios* Otientals, 
Boraons, and Seventh Day Adventists are all increasing- rapidly** 
***.any surge of new enrol laents during the nest two decades in 
higher eduoaticn will be led by ainorities, particularly blaoxs 
and Bispanics** "Xn aost eoaaunity colleges today, the average 
age of students is thirty-six and climbing** Por further details 
and a deaographic portrait of students in the 1990s, see (81* 



two aflipt oLltieal iaetors ia t^diifig a»tfe«BBti«« o«w«ni "^t* 
one 0OBV«y8 and •bow" -««»ttnlo«tion taka» pXaoe. Bath faotocs 
ace intiaately latartwlaaa with laforttatlon- pffocasaing and 
laacniii99 aaah lias affaotiva as well w cwitive dlaenslons. 
"tfhkt" oaa eosnnnioates la aatbamaties lastriietioa 
Izi^BM tSS^lSaUatlcm of «tli«Mi*^"^.SS?t 
toaeHer of mathaaatios A^^f^igSli^ St 

oncoasciooaly) a 

, intrlasic aatota aad walae of ^I'S^fJiitiSS SiiJ 
stttdents* is^rassiOBS aad attitudes atKmt wthem^^ 
an iaportSt role ia their aotlwatioa (theref^ 
eoBmitaeat aad persevaioace) aad ultiaate saeeess or 
failare in aathaaatics oonrsas. 

Thus, effective aatheaatics instruction aust begin by aaking 

students want to study aathematios. 

•Bow" one coaaunicates in aatheaatics in»trucUon 
beyond the exchange of ideas and inforaation. Classrooa 
learning exp#riences and attitudes 9ive 'ise to long- 
lasting psycholosocial values on what it aeans to do , 
a$itheaaticB and who should do it, 

laplicit in each of these* factors is the realisation that 
effective learning is rarely possible if teachers of aatheaatics 
cannot introduce and develop concepts in a aanner coaaensurate 
with their students' inforaation- processing abilities ^d levels 
of understanding. This realisation subsuaes an awareness of the 
faot that a large constellation of behavioral patterns aay be at 
work in predisposing students to success or failure in their 
aatheaatics courses, particularly so at the basic skills level. 



2* Zn ^Riadsoape aad Science Theories" Ullf Marayaaa ases 
the tera mitt^gap* to aaaa "a straetara of caamiagf oogaitl<m# 
peroeptioaf ooaeaptaalisatioaf desigsf plaaaiagt aad deoisioa 
aakiag that aay vary froa mia iadiwldaal, y^of^Mioa, oaltaraf or 
sooiai groap to aaotber." Be distiagaifdias foor pore aiadseapes 
aad thair ooabiaatioasy aad illustrates their aspaots at tha 
overt, covert, aad abstract levels* 

0. J« Barvay adaiaistered psychological tests to uaiversity 
students over a aoaber of years, in f7], he identified four 
episteaologioal typos and tlieir distribution aaoag first--yaac 
uaiversity studMts, 



ThttBt 

Te4ehes8 of aAthenatlcs most' ftppreeiate' individual ( 
di££ecaaeea and ondaratand how pafoh9«^]f8io*aooia3. faotosa 
.iapaet on atylea of learning. ' 

In thia veinf it ia aingolarly iapoctant for inatruotora to 
re/iliae that they too have their ovn cognitijve preferenoea.. The 
typea of exaaa they preffr and develop, for inatancor reflect 
their own cognitive atylea and not neceaaarily thoae of their' 
atttdenta. Thaa, atudenta* aucceaa (or failure) say not depend 
OAly on course content, but nay alao be related to tie 
infora^tion-preaenting atrategiea and inatructional demanda of 
their teacher. People do learn to learn differentlyl 
Instil*' * ional procedures which nay be beneficial to aone atudenta 
can diaadvantage and be counterproductive to other groups of 
students. Behavioral differencea must be taken into 
consideration,' if people having different atylea of ^learning are 
to interact fruitfully.^ A few ainple exanplea auffice to 
illustrate this point. 



The quality and quantity of interaction in the claaarooa are 
inportant ingredienta for learning. Mile sone students prefer, 
and -do better, virking alone, othera learn beat through sons forn 
of give-and*-take. The nature of interaction- conducive to 
learning will vary according to the atudent^a background and 
paychological profile. Since aetting, aabience, and interaction 
are interrelated, it ia not iBaediately clear if 
student8*elaaarooa inactivity reault froa cultural ly-ralatad 



3. An appropriate aodifioation B« T. Ball's stataaant {€} 1st 
Boat inatructora are only dialy avare of th»^ elaborate and varied 
behavioral pattsrna -whico prescribe our handJing of tiae, spatial 
relationa, and our attitudes toward wer^ Play, and learning. 
Accordingly, we insist that everyone al a do thinga our way 
and thoae mo not are often regarded *ttiidaraobiavers«** 



caasonSf beoaaott t]ic»y are oanaoiottsXy (or aneoaaoiOttB^yl) 
separating and diaiiiveating Utenselvea fros .oXaaaroato 
laatraotioa, or baoaoaa thay faaX aaxiot^a and anooatortabXa ia 
tbe eduoationaX aaviroBBant? Xaatruotora aXart to theaa naanoaa 
can enhance Xearning .tbroogh oXaaeroom-teaching atrategiea that 
are appropriate to their atodenia* behavioraX aeeda. (For 
exaapXea of atadeat-atodent and teaoher-atadent interactive 
atrategiea, aee tX4J, 128].) 

♦ 

On£ortttnateXyf aoat inatruct.ora require that aXX atndenta take 
the cXaaa exais at the ease tiaOf despite the fact that 
indiiriduala learn and grow at different intelXectaal ratea. fhia 
requireaent oXearXy ataeka the odds againat the slower Xearnera 
as Well aa those who (appreciating tioie other than aa a 
pteciouBly dwindling coianodity]? have not yet learned to pXan 
sufficient tine for study. Bxsb gradea for theae "out of phaae* 
students do not ref Xect their actuaX aubject aaatery once soch 
students hive caught up. Accordingiyr their finai grade - based 
on grades which ref Xect their states of unpreparedneas - nay not 
be coaaensurate with their knowXedge at the end of the courae. 
This disadvantage can be'^diainishedr If not eXiainated, by 



4. atyXea of participation conducive to Xearning aXso vary 
vith euXtura. iorth Aaeriaan Indiana Xearn beat through 
observation. OrientaX atndenta aeem to do weXX without heavy 
em^aaia cXaaarooe participati^. aaarieana generaXXy require 
acre interaction than atudanta f roa angXo-Fraach onXtnreaf but 
not a# aaeh as Bi^^aaio atsdaata. 

S» Variatioaa ia the paroaptioa aad atiXisatioa of tiaa 
bacoae evident aa one a^va'^ veatvard- aad aoatbward f cm -^a 
northeaatera part of the Oaitad StataK- Aa a sniaf hovavar-. 
Aaerioana think of tiaa aa -being llaaar, aaqaaalikia^v aad 
qnantifiabXa. *Xt ahooXd take a tiaa ta aavaa thia aatacia-Xi 
we'XX pXan aa esaa for y data.* Other aBXtasaa.abarc aaitter oar 
srnse of nrgenoy aer oar iamttabXa ceapaftaMtaXiaatiMi of tiMt 
it Mkea acre aaaae to diaragard tiM eoaatsainta and work at 
the job oatiX it (a eoi^Xetad the j it doaa to abandon one 
unfiaiahed taak in order to begin a tarn ai^i. 
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bsoA4«iiiii9 the doftstsaint o£ "£lsea day* foe an axaa to *£iiiad 
period* for that exas. Por exaaplOf stndenta can be given the 
on^xtnaity to take one of three variant of the exaa (test *^ 
day Di for i"l,2,3) during a fixed exaa veek, Zn this hnmaniatie 
context, exaaa can do acre than attenpt to aubjectirelx quantify^ 
leveir of anders tending I .they can (and shouXdU be need aa 
pedagogical toole for .a»tivating and reimrding further learning. 
For inatancef studenta who did poorly on an exaa will be highly 
^tivated,. to clear up specific areas of veakness if they are 
allowed to take another variant of this exaa (during its fixed 
test period, for exai9le)*-in which case, their overall ^rade for 
that class's exaa is the average of the two exams taken* For 

another variation on this theme USJt students can be made aware 

s 

of the feet that each class test ylll contain one arbitrarily 

chosen problem from each of the proceeding class tests* 

• - 

Knowledge f ransaiasion and J^pli8iti«l 

The notion of learning has a wide range of interpretations 

among people - both in terms of what "knowledge" means and what 

is required to reach that state of knowing* , Unfortunately, far 

too many students view mathematics as a lifeless body of facts 

and formulas to be memorised or stored for short-term, cued 

recall I doing mathematics is too widely interpreted as concept- 
identification, formula aobatituti^, symbol manipulation, and 

problea solving in a very narrow, artificial tasan* ifhy is this 

so? Why have so aany students bec^r lulled into these 

misconceptions, and how can we help them to better appreciate 

what mathematical knowledge aeans and what is required to reach 

that state of ks^wing? 

Bach of the above questions must have a multiplicity of 

answers. But surely what instructors expect and demand of 

9 



8tii€«sito 18 pivotal. fh9Bi m wsmt ftmpt th» rftapeasibillty for 
this inpriaiiii9 and .We aiTiBt tako the initiative for bringing 
abOQt sone very fondameataX ^langea in oar atndents* peroeptions. 
h neoesaary fir at step ia'to sake it eoavinoingXy olear tliatt' 
Knowledge aoqnlaitim doea net iaiply tnovXedge otiXiaation * 
Just being abXe to identify a geoaetri^ f igore (aay, a 
rbokma) reveaXa nothing aboat the intrinaio properties of that 
figure. And ayaboXio aanipaXation vithout onderatanding ia onXy 
sXightXy ttore aieaningXeaa than aoXving a triviaX vasiant of ibe 
aaae problem for th^ twentieth tiiM. ^t anoh auperfioiaX foma 
of* knowledge are skinimaXXy funotionaX oan eaaiXy be desonatrated, 
and moat be driven homOf by inatruotora* It ia aXa^ very 
iB^rtant to aXert atodenta to the ii^ot of a powerfuX anxiety- ' 
reducing drug, ooononXy caXXed 'pooKet-eaXcuXato^.' Xt aXXeviatca 
atudents* ootiration to Xearii by making thea feel that they oan 
use it to BoXve aXX their satheaatiea probXeaa. This myth ia 
aXao easiXy diapeXXed. For exaa^Xet 

groblea 1* Bnter any nnaber x>o on your eaXcuXator and 
repeatedXy use the 'T key* What do you get? Why? 

groblaa !• on your eaXouXatorf enter 2 and take • 
Continue to repeat thia pattern of adding 2 foXXoved by taking!^ 
What do you get? Why? 

ProbXeaa which can be poaed, but not aoXved, by a e^Xealator 
are effective for doMnatrating to atodenta that their head-held 
caXoaXator ia aaoh acre powerfuX than their hand-heXd oaloolator 
and that although caloolatora can be helpful for oos^ting, they 
ahould not be antitetea for the headache of having to think. 

Piapelling atudenta* nythi ia not enough* There atill reaaina 
the queation of how to help thea appreciate aatheaatioa aa a 

10 



d^aaie and nyXtilayaraa aetiyity - « rlchXy raijaraing aaa 
evoliring synerig^sa of prooaas ana proauot. This we now eonsimr 
in greater detail'* * .1 

In most instances* matheDatics instruction is consiaerably 
sore effective i^en several sbaes of peroeption are nsea^- a* 
be the case, for example, when (left-heBi8phd:^ically orientea) 
technology stnaents and, say, (more right-hemispheric) humanities 
majors are in .the same course/ Thus, both the syaO^oXic-analytic 
approach ana the visospatial-relational an^roath may be osea* to 
prove (Figure 1) that .*tbe geometric series l^-^ it* 
converges tg 2." 



Figure 1 
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Figure 2* 



In the same spirj^, analytic proofs (vis* converging-series 
tests) that the harmonic series aiyerges may be supplementea 
with, or made more plausible by, following a (right-hemis^eric) 
analogical tact as in Figure 2. 
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6, Today, it is well known that there exists major 
differentiations of functions between the brainih left aM right 
hemispheres. Xn the most simplistic teriBSf. Xeft-hemispherie 
thinking resembXes the diserete, aeguentiaX processing of a 
digitaX ca;.0nXatori right hemispherie thinking simoXateft the 
concurrent, reXationaX activity of an anaXog oomputer* 

7. Cohen {2], (3j found that i^ite middXe-eXass chiXdren tend 
to be anaXyticaX in orientation,, whereas Chicane and bXack 
ChiXdren tend to be rationaX* She aXso found difference in 
orientation among professions [4]* . ** 

11 



all km^ that a««i»«'>Va N (and ttsualXy ia) pcavad by 
iaattetioa* Bnt# aa ia oftait tha aaaa, atadaata faal abaatadt 
"hacaf induetioa ia an aoeaaaosy Aftax tbe fact. Hfiu did-oaa 
know tha fornula to ba varlfiad in tba ficat plaea?* 
Xnatruetorai ot ooocaaf ^oaa invoka Qaaaa* (aora right- 
haaiaphacio) ralatioaa.1 appfoaah to obtain. tha aforaaaatioaad 
eonjaetarad fonnXa foe varlfieatioa (Figara 3}« 





or |(5*l) 


^^2*14^5*6 aquala "3 pairs of 


or |<6n) 
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One can also obtain • n\**»Vi by counting the aota 
in t^ia tight triangle of Figure 4. (Tha rigkt triangle of.dota* 
when reflected with respect to its hypotenHae, produeea a square 
of dots plus an extra superimposed diagonal. Thoa, 
l5lt»n*^»>' .) Figure 4 alao illuatrataa aoma of the anthor'a 
Visually-induced proofs of othor known reanlts (21 J, 
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Figure k» 
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Siifce pictures are usaaXly sore easily reeaXlea tban 

pcocedureSf visual portrayals of algebraic processes can enhance 

the retrieval of inforaation. Synthetic division and synthetic 

nultiplication [10] offer two good illustrations. 7be point 

^ing ei^asised iss 

Multiaodal representation of concepts can do more than, 
convince students of concepts' veracityi they have the ^ 
potential for synergistic learning - as, for exanple, «^en (eiP)^ 
concepts are introduced by one modality and students are 
asked to finds representaions/proof s in other modes of 
thought* 

But let's not stop herel This leads in a natural manner t.w a 
whole new dimension of thinking. An example or two suffi'ses to 
make this clear. - 

1. Having symbolically demonstrated that S » 2 (Figure 1), 
the author was surprised to see that some students felt tricked 
and less than convinced of this result. *Cow did you know to 
multiply by 1/2 and then subtract?" "Where did the whole series 
disappear to?" Interestingly, the visual proof- stumbled upon 
during class session - was perfectly acceptable to everyone. A 
few additional remarks, between pauses, began to lead students to 
a new awareness. It soon became clear that our visual proof was 
also "an accessory after the fact." Bow, after all, did I know 
to begin with a 1 x 2 - sised rectangle in the first place? The 
symbolic proof was also challenged as being bogus since it too 
was based on the aprioi knowledge that 8 was a finite number. 
Bext, We also discovered that the same algorith&ic process can 
produce meaningful £s well as meaningless results (replacing the 
ratio "1/2" by "r" for r>l, we still obtain a- «A»-i:))# and that 
algorithmic, existential, md oonstruotivistio thi»king are 
intimately interrelated. Finally, it was intuitively clear that 
the analytic proof generalizes much more efficiently than a 
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geonetrlc one to Arbitrary eonver9in9 ^oomotric Bories. 
(Students My enjov atteaptin? a visospatlal proof, or they can 
refer to the autbor*a diaoovered generalisation 111]*) 

2. Given the aotivation and opportunity to experiment, even 
the weakest students will quickly discover that the distributive 
nultiplication depicted belcw 



is the representation that can best be extended to the multip;- 

lication of jftultinosials. 

3, A few well-selected examples made it clear that Gauss* 
conbinatoric approach (of using pairs of numbers) had greater 
potential for adaptation to other contexts than do dot proofs, 
but it was not as pervasive as mathematical induction* (Here was 

the beginning of a new appreciation and respect for induction.) 

Comparing and analysing the efficiency, extendability, and 
genera lixmbility of representations is an iit^rtant first step 
toward developing the types of awareness students will need in 
their algorithmic and computer-related matiematics learning* 
(See, for example, |9].) 

Bxperimenting with alternate modes of representatioii-can also 
be stimulating and informative to instructors. Figure 4, for 
exasqple, yielded a newly discovered visual proof by the author of^ 




Figure 5* 
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the fact that m AJUB fi£ Uu Xim & ifijcu ol a& arit^hiAtic 

2lfi2& A iiuu i2£ UlA proffrftgfliftn/ »y examining the various 
representations students use, we can better judge how well they 
understood the concept in question.^ 

iiabedding concepts in processes can help students appreciate 
nathematics as a dynamic and multilayered activity - an evolving 
synergism of process and product. These perceptions must tegin, 
so to speak, at the molecular level. Numbers, variables, shapeis, 
formulas and equations, as well as, other such basic entities, 
must not be perceived as passive, static notions, but rather as 
interactive processes and actions* This impacts on how 

* 

information itself is presented.** To use Berb Simon's analogy 

129], 

A physician's knowledge of bow to treat diseases is useless if 
the physician can't tell when the patient has the disease. Thus, 
a large part of medical knowledge consists of condition-action 
pairsi the condition being the disease symptoms, and the action 
being the appropriate treatment. 



o 
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8. If the dots on the hypotenuse of the right triangle are 
labeled "a" and all other dots on the trapesoid are labeled *d* 
then (since the dots on the triangle plus the dots on the square 
comprise the dots on the trapesoid}^ «^ (.a.'i>i,4.) • 

9. Greeno (51 offers three general criteria for judging tb^ 
degree of understanding of a represented oonoepti internal 
coherence of the representation, its. connectedness to other 
relevant knowledge, ^d bow aocnrately it captures the concept's 
essential features* 

If. Too many students think of a variable s as being a £ised 
unknown (rather than as an actively ..roaming entity - an opesator 
whose character changes depending on where it is eaconnterad in 
its domain)! formnlas are perceived as reeeptors passively 
waiting for sobstitnted numbers (rather than as the algebraic or 
visually portrayed eabodiaents of bow variables relate to each 
other); and equations are oonsidored as fixed states of 
equilibria (rather than as reversable processes, where each side 
eyeballs the other and can get there by an a^ropriate sequence 
of transformations). . 

15 



This is not the foraat of Bathsnstios/seiehoe knowledgSf in 
genera !• Ws are aucb more explicit in enoneiating principles 
than in describing when and how they can be applied. Poraulas 
and theorensr for exanple, do not always carry internal 
information about contexts or situations that should evoke their 
use. Greene {5], is probably correct in, his impression that 
"most teaching of algorithmic processes often focus almost 
entirely on the actions to be performed, with little attention to 
the issue of when to perform them." Nathelsatics texts, on the 
other hand, seem to assume that once students are shown a few 
worked but problems, they'll be able to generate their own 
situation-action responses for solving problems. This is not 
always the case, and even less so for students in their earlier 
college mathematics courses. 

The point being stressed here is that every important 
smtbematical result should be presented as the action component 
of condition-action pairs. For such a "production,* the 
conditions needed for the result to apply are built into the 
presentation. In broader terms s 



11. For instance, knowing that x^ » 1 is oseless in Problem 1 
if students don*t realise that x^ — >-x^. Snowing how to solve 
quadratic equat ions is useless in Pro blem 2 if studei^ts don't 
realize that y •firrTTrnr^— oaa be espresssd as 
y^« 2 * y,. Finally,- itadents' luiowledgs of the Pythagorean 
theorem is oseless lisv cannot it i» lyspropriate sitnatiosii 
(Problem 3) and they attes^t to apply it to iaappropriats eoii« 
texts (Problem f). 

PgQbifta 1* Osing only a compass, measure off length 4f along KB, 

, iSolutiont Mark off 0 on AB such that AD - li 

then CO •IT. Nark off B on AB such that AB 
f - ■ then CB -If.J 
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Bvttcy key notion and every ia^ctant principle slioiiia not 
only be considered in ter&s o£ its intrinsic properties, 
but also as the basis tot solving a prinitive class of 
problems • 





Figure €• 

A nice illustration of this principle is "An Approach to 
Problea-Solving Osing Equivalence Classes Hodulo n" by J«E. 
Scbultz and W.P. Burger (29]. 

There is another inportant pedagogical facet to (6P)^ - 
naaely^ the manner in which this type of thinking and awareness 
can be broadened to solve problems. Indeed, it is well known 
that the manner in which a problem is described is of critical 
importance in determining how easily the problem can be solved or 
whether it can be solved at all. 



Problem 4. Find the length 
Of hypotenuse o. 




Figure ?• 



Problem 5« Find the area of the 

paraUelogrem plus 
the area of the squaroi 




Figure 8t 
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Attempts to solve Problems 4, S corroborate the findings of 
research experimental subjects don't ordinarily search for the 
most efficient representation of the problem; they tend to adopt 

» 
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th9 c«pr«Bentation of the problea fron the language of ite 
Statement, ThuSf as Simon points oat (3i^]f it shotiild be clear 
that I 

Instructors need to help students improve their skills in 
reformulating and restructaring problem representations. 
It is most ii^rtant to make students understand that the 
value of their mathematically-related career skills will, (Of)^ 
in large partf depend on their ability to recognise and 
construct contexts that evoke appropriate mathematical 
' principles and processes. 



AS the instructional dual to (CJP),, where principles served -as 
"seekers" of conditions and contexts where they apply, problems 
can serve as "attractors* for as many distinctly different 
solutions as possible. 



Figure 9« 
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An especially nice illustration of this is J. Staib's "Answer 
Finding Versus Problem Solving" 132], where the class discovered 
nine different ways to find the distance from a point to a line* 
Also see "Convexity in Elementary Calculuss Some Geometric 
Equivalences" 11} r and Pedersen and Pdlya's "On Problems with 
Solutions Attainable in More 1!ban One Way* US], 



12. In Problem 4, the "Imotenase" o equals 1 sinoe the other 
diagonal of the ceetaagle is the radius of the oirele. Zf the 
"parallelogram" and the "square" (in Werthheiii»r*8 Problem 5) was 
restructured as overlappimg ri^t triangles of base a and height 
bf the desired am is isMdiately seen to be ^ 
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• • Tho perception of objects, eysteBs, and proeesees vary 

oonalderably amongst peoplor and this has treaendous bearing on 
how matheaatiq^l notions are perceived and utilised. This is 
especially true in the classroosu As teachers are expounding on 
mathematical notions and principles, students are busily 
concocting their own idiosyncbratic versions based on their own 
consistent private logic. Such cognitive misinterpretations, 
however, are not confined only to developmental mathematics ^ 
students or to those whose backgrounds do not reward clear and 
precise thinking. In the margins of Bourbaki's advanced level 
texts, for instance, the roadway danger signal 2 (cautionl) is 
followed by elaborative comftents designed to help prevent readers 
from making wrong interpretations that are consistent with the 
antecedent exposition. The point being stressed here is thati 

In presenting information, i'^ is Vitally important for 
teachers to anticipate and preempt students* (GP)^ 
misinterpretations., 

The instructional strategies summarised in (6P), - (6P)yCan 
help teachers monitor, and become more attuned to,- the nature of 
these misinterpretations. To the extent that we examine, 
analyze, and modify our instructional strategies, we gain a 
higher. form of instructional knowledge ^and an increased capacity 
for becoming better imparfccra of knowledge. 

There are also important information management considerations 
for the acquirererg of knowledge. Consider, for instance, 
students 1^0 do well on homework assignments or goisses covering 
each specific aspect of a problem situation but still do poorly 
on exams where they are no cues as to which solution strategies 
to apply to the problems as a whole, in short, they lack certain 
aspects of control knowledge (that is, information management), 
other manifestionB of deflcl.nces or weaknesses in control 
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knovledgo ineluaet incorrect or inconpXoto categorization of 
probX«B protoypasr lack of coherent knowledge structure^ and 
organisation, inability to recall or retrieve infornationr 
nonaseeaesent of concept attainsentf and disregard for eolation 
verification. 

There are o^ny strategies for helping students to o vet cone 
these defieiences, h contextual ly*repreaentative sasqple might be 
the follovingt 

ciaaaroon fijULBft*. ' Without actually solving problea'P, 

carefully describe and/or set up in as »any different vays as 
possible hon to obtain the answer to P." 

t 

• Homa^ork ftflaj.gn«^nt8. "Coapare and contrast the types of 
problens (and how they are solvedl) in this chapter with those in 

• infceracfcive diacUBfilonB. "Bow do you know that your atethod 
is correct? Your answer is reasonable? 

• Tferm papara qx, eouraa^ralatad pre'^aeta. "SUBIBarise the 

chapter's (course's) l^ey concepts and principlesr and be sure to 
discuss or depict their interrelationships** (See, for exaapler 
126J, I27)0 . 

• Rfiftliatic XiLl£ OfidfilA "•••Okay,, I>11 try to solve and 
analyze this satheaatical problea you've encountered in the 
physics lab (on the job, for contest X, •••)• Z'a not really 
sure where to begin.. .Suppose we first atteaj^.. because ... " 



13. ' In "Questions in the Round - An Bf f eotive »«f 
Understanding" 114], the inft;tt«t«i P«l«>««25» •"^^J."^^^^ 
requiring that each student either ask a ^Matlg (to ^JK?««f/ 
by the instructor) or else be asked a qB«Btlon tar the >Mtrttotor. 
Siretrategy provides an eacellent oppcrtunity for instructors 
to ask gnestioas of ^ntrol knowledge. 
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Tho most effective etrategyf however # is to sake ittudd&ts 
realise that while it ia natural to toxm sdsconoeptioiie and aatee ' 
errors* specific actions for their detection and analysis are 
also important mathematical activities. We must demand., and 
students must he made to appreciate, that verification and 
analysis are necessary in doing mathematics, Thust 

Control knowledge must be appreciated as being an integral ^ . 
part of knowledge acquisition a^ accumulation, 

It seems clear that both teachers and stadents can receive and 

impart important types of knowledge from each other. Accordingly: 

Teachers must invite and encourage students to be 
responsible partners in an interactive collaborative (GBh 
learning environment. 

Interactive and coll&borative aspects of (6P)|have already 

been considered earlier. The invitation I urge is not explicit 

in nature f but rather implicit in the way we teach and do 

mathematics in the classroom - manifestations, soto speak, of 

being ^great teachers* in the sense of J. Epstein's edited voliaie - 

of essays Maatfigfit gortraitB fit great gA«ehera (i2] t 

"What all the great teachers ap^ar to have in common is a 
love, of their subject, an obvious satisfaction in arousing 
this love in their students, and an ability to convince 
them that what they are being taught is deadly serious." 

The most natural ei^odiment of (6P)^ is for teachers to guide, 
assist, and/or collaborate with students in actually doin^ 
mathematics that has meaning to them. There are many ways to 
proceed, depending on the students* capabilities and levels of 
mathematical sophistication i 

HflthttlHItlc^, prohianflp puggicg, ^od flAS^ have heen popular 

s 

since antiquityr ftti^- their solutions have-eontrifaited mu^ to-^ie 

development of moderii mathematics. Thus, Leibnits appears to 
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have been correct when he said, •MeB are never so ingenlus as 
when they are inventing games," Recreational watheaatics and 
exaaples from everyday life always stimulate students' curiosity 
and whet their intellectual api^tites for more. 

Maavinq iM>»hflMticai ♦^apgatriea can he fascinating. Combining 
and interlacing novel ideas from diverse areas of mathematics (aa 
distinct from applying mathematics to other disciplines) is a 
beautiful way to impress students with the fact that mathematics 

is indeed a coherent # harmonious whole. 

jQfilM m«t^hft«atical xAA&ALf)h cannot fail to convey the 
challenge and excitement of attempted discovery. Fruitful 
research exists at all levels-*' The rewards of successful 
research - giving an invited (classroom) lecture, seeing one's 
resultsCs) in publication, and other forms of peer 
acknowledgement* - can be the biggest payoffs and reinforcers for 
students to stay invested in the study of mathematics. 

Concluding Remarks 

Finally, as^ we began, let us pause to reflect on where 
college mathematics could be beading. To the extent that we 
succeed in going beyond changing our students* votes and actually 
imbue our more capable stude?^t8 with positive perceptions of 
(and feelings toward) mathematics, we increase the likelihood 
that the focus of mathematics instruction w:lll not only be as a 
"seeker" of contexts and domains of application, but will also 



14, For examples of mathematical research that can be 
tihdeftalen loff or shared with, students in their earlier years of 
college mathematics, see ({18], geometry), (121], precalculus), 
{[19], caleulns), ({20], number theory), (C23], statistics), 
(122] and 124], general). 
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became an "attcactor" for algnificant pontribntiona from nany of 
these aerviced diaciplinea. Nathesatlcally coapetent and veil 
prediepoaed atudenta entering careera in coaputer acience# the 
aocial and biological aoienoea, and the huaanitiea will noat 
likely be more motivated and better equipped to bring their 
expertise to bear on improving and enhancing mathematics 
inatruction. 

By giving careful attention to the lihAt and iifiK factora of 
mathematics education, college mathematics inatructors can play , 
an important role in the evolving vitality and future growth of 
. mathematics instruction at all levels. It is not an opportunity 
that should be cavalierly disregarded. 
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